A method for calculating exact propagators for those complex potentials with a real spectrum which are SUSY partners of real potentials is presented. It is illustrated by examples of propagators for some complex SUSY partners of the harmonic oscillator and zero potentials.
Recently a considerable attention has been paid to investigating different properties of nonHermitian Hamiltonians (see e.g. [1] ). One of the reasons of that is an attempt to generalize the quantum mechanics by accepting non-Hermitian Hamiltonians with purely real spectrum (see e.g. [1, 2] and references therein). The propagator being the coordinate representation of the evolution operator is one of the important objects in quantum mechanics since it permits to describe the evolution of a quantum system. On the other hand the method of supersymmetric quantum mechanics (SUSY QM) is one of the main methods for getting complex exactly solvable Hamiltonians [3, 4] . Moreover, because of its nice property to convert a non-diagonalizable Hamiltonian into diagonalizable forms and delete spectral singularities from the continuous spectrum of a non-Hermitian Hamiltonian [5] it was presumed [6] that SUSY QM may become an essential ingredient of the infant complex quantum mechanics. The aim of this Letter is to show that SUSY QM may be useful for finding propagators for those complex potentials which are SUSY partners of real potentials for which both the propagator and the Green's function are known thus giving an additional argument in favor of the above thesis. For simplicity we will consider only time-independent potentials although corresponding time-dependent technique is also available [7] .
We consider the one-dimensional Schrödinger equation with a complex potential V c (x)
Since the potential V c (x) is time independent (stationary) solutions to equation (1) are expressed in terms of solutions of the stationary equation
in the usual way, Φ(x, t) = e −iEt ϕ E (x). But if initially the quantum system is prepared in the state ϕ 0 (x) which is not a state with the definite value of the energy we need to know the propagator for describing the evolution of the quantum system. We use the usual definition of the propagator K c (x, y, t) as a solution to equation (1) with respect to variables x and t with the delta-like initial condition
If K c (x, y, t) is found the function
is a solution to equation (1) with the initial condition Φ(x, 0) = ϕ 0 (x).
To present our method in its simplest form we will restrict ourselves by the case when the Hamiltonian h c is diagonalizable and has a purely real discrete spectrum. In the most cases [8] such Hamiltonians have a complete set of mutually by-orthogonal eigenfunctions φ n (x) in the usual Hilbert space L 2 (R), which are selected from the solutions to equation (2) by the zero boundary conditions at x = ±∞ (for a recent discussion see e.g. [9] ):
Equation (5) can serve for the definition of a new inner product in the space L 2 (R) (see e.g. [9] ) which is equivalent to the CPT -inner product [10] . We would like to note that conditions (6) and (5) have almost the usual form, only the complex conjugation is absent. Therefore they coincide with the corresponding equations for the Hermitian Hamiltonians in case when their eigenfunctions are real. From here it follows the Fourier series expansion of the propagator in terms of the basis functions φ n :
In contrast to the usual propagators for the Hermitian Hamiltonians the property K * (x, y; −t) = K(y, x; t) does not take place for K c (x, y; t) but just like in the Hermitian case with real-valued eigenfunctions it is symmetric K c (x, y; t) = K c (y, x; t).
The main assumption we make is that the Hamiltonian h c is a SUSY partner of a Hermitian Hamiltonian h 0 with a purely discrete spectrum and a complete set of eigenfunctions ψ n which always can be chosen real
so that both the completeness and normalization conditions are given by equations (6) and (5) respectively with the replacement φ n → ψ n .
According to the general scheme of SUSY QM (see e.g. [11] ) operators h 0 and h c are (1-)SUSY partners if and only if there exists a first order differential operator L such that
Operator L of the form
where the prime means the derivative with respect to x and the function u(x) is a solution to equation
exists for any h 0 and a rather restricted set of operators h c , the potentials V c of which are defined by
The spectrum of h c may either (i) coincide with the spectrum of h 0 or (ii) may differ from it by one (real) level which is absent in the spectrum of h 0 . The case (i) may be realized only with a complex parameter α which is called the factorization constant. This statement is a consequence of a proposition proved in [4] . The case (ii) may be realized only for a real factorization constant since E = α is just the discrete level of h c missing in the spectrum of h 0 and we want that h c has a real spectrum. Therefore in this case one has to choose u(x) as a linear combination of two real linearly independent solutions to equation (10) .
Together with operator L (9) we need also its 'transposed form' which we define as follows:
Just like in the usual SUSY QM the following factorizations take place:
which can easily be checked by the direct calculation.
One of the main features of the method is that for the most physically interesting Hamiltonians h 0 operator (9) keeps the zero boundary conditions imposed on solutions to equation h 0 ψ E = Eψ E unchanged. As a result the set of functions
is complete in the space L 2 (R) in case (i). In case (ii) we have to add to this set the function φ α = N α /u. The normalization coefficients N n may be found by integration by parts in equation (5) and with the help of factorization property (12) which yields
The main result of the present Letter is given by the following 
where K L (x, y, t) is the 'transformed' propagator
Here L x is defined by (9) and L y is the same operator where x is replaced by y.
Proof. We prove the theorem only for case (ii) since case (i) does not have essentially new moments.
Using equations (7), (13) and (14) we have
Because of the equality
Here under the summation sign we recognize the Green's function G 0 (x, y, α) of the stationary equation with the Hamiltonian h 0 which ends the proof.
We have to note that neither in case (i) nor in case (ii) α belongs to the spectral set of h 0 . Hence, the Green's function G 0 (x, y, α) entering in (15) and (17) is regular. Another useful comment is that almost the same proof is valid for the case when h 0 (and hence h c ) has a continuous spectrum so that the theorem is valid for this case also provided h c has no spectral singularities in the continuous part of the spectrum.
To show how the theorem works we will consider a couple of typical examples.
Consider first the harmonic oscillator Hamiltonian h 0 (x) = −∂ 2 /∂x 2 + x 2 /4 for which the propagator is well-known [12] 
To apply our theorem we need also the Green's function of the oscillator Hamiltonian at E = α.
To find it we use the definition of the Green's function in terms of two special solutions f l (x, E) and f r (x, E) of the equation
where Θ is the Heaviside step function and W stands for the Wronskian.
In the simplest case we can choose α = −1/2 and
The spectrum of the complex-valued transformed potential
consists of all oscillator energies E n = n + 1/2, n = 0, 1, . . . and one additional level E −1/2 = −1/2 with the eigenfunction φ −1/2 (x) = (2π)
Using Theorem 1 and equations (18) and (19) we obtain the propagator for the Hamiltonian with potential (20)
As the second example we consider a complex extension of the one-soliton potential which is obtained from V 0 (x) = 0 with the choice
as the transformation function, which is
The Hamiltonian h c with potential (23) has a single discrete level E 0 = −a 2 with the eigenfunction
.
To find the propagator K c we are using the known propagator and Green's function for the free particle which are
After some transformations similar to that described in details in [13] we get the propagator for the Hamiltonian h c
+ ae
where the notation erf
] is used and for c we take the value c = arctanh
, Im(b) = 0.
We have to note that formula (24) is in the prefect agreement with the result obtained by Jauslin [14] where the replacement t → it should be made since this author got the propagator for the heat equation with the one-soliton potential. Another comment we would like to make is that the Jauslin's method is based on an integral formula which relates solutions of two Schrdinger equations whose Hamiltonians are SUSY partners. Unfortunately, integrals which need to be calculated when the method is applied to the Schrödinger equation become divergent. Therefore the author found the propagator for the heat equation with the one-soliton potential. The Schrödinger equation may be considered as the heat equation with the imaginary time. In this respect the following question arises: whether the Jauslin's result after the replacement t → it gives the propagator for the Schrödinger equation with the one-soliton potential? We want to stress that the answer to this question is not trivial since such a replacement at the level of the Jauslin's integral transformation leads to divergent integrals and only the replacement in the final result gives the finite value for the propagator. Thus, our analysis shows that the answer to this question is positive.
In conclusion we note that in this letter we presented a method for finding propagators for those non-Hermitian Hamiltonians with a purely real spectrum, SUSY partners of which have the known both the propagator and Green's function. The general theorem is illustrated by considering a complex anharmonic oscillator Hamiltonian and a complex extension of the one-soliton potential.
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